Abstract. Let E be the elliptic curve 37C in Cremona's table with the equation
Introduction and statement of result
. Goldfeld [4] 
This conjecture implies the weaker statement
where r = 0 or 1. For the case r = 0, there are infinitely many special elliptic curves E satisfying the weaker statement (cf. [5] [12]) and the best known general result is due to Ono and Skinner [9] , who showed that
For the case r = 1, the best known general result is following [10] ;
However only one special elliptic curve E = X 0 (19) satisfying the weaker statement (2) is known due to Vatsal [11] . We note that X 0 (19) is the unique modular curve X 0 (N ) such that the genus of X 0 (N ) is 1, N is prime, and 3 divides the number n = (N − 1)/m where m = gcd(12, N − 1). The aim of this note is to provide another example satisfying the weaker statement (2) for the case r = 1 and give an estimate of the lower bound which give an evidence of Goldfeld conjecture (1). To prove Theorem 1.1, like [11] , we will use the result of Gross [2] on the nontriviality of Heegner points of Eisenstein curves, the results of DavenportHeilbronn [1] and Nakagawa-Horie [8] on the 3-rank of the class groups of quadratic fields, and Gross-Zagier theorem [3] on Heegner points and derivatives of L-series. A new ingredient in this note is to use the fact that X 0 (37) is the unique modular curve X 0 (N ) such that N is prime, and 3 divides the number n = (N − 1)/m, and the minus part of its Jacobian is an elliptic curve.
Preliminaries
First we recall the result of Gross [2] on the non-triviality of Heegner points of Eisenstein curves. Let N be a prime number, m = gcd(12, N − 1), and p be an odd prime factor of the number n = (N − 1)/m. Let X be the modular curve X 0 (N ) and J be the Jacobian of X. Let K be an imaginary quadratic fields of discriminant D K in which the prime (N ) = n ·n splits completely. Let w K denote the number of roots of unity in K. Now we recall the result of Nakagawa and Horie [8] which is a refinement of the result of Davenport and Heilbronn [1] . Let m and N be two positive integers satisfying the following condition: For any positive real number X > 0, we denote by S + (X) the set of positive fundamental discriminants D < X and by S − (X) the set of negative fundamental discriminants D > −X, and put From Theorem 2.3 and the following fact
Theorem 2.1 (Gross) Let χ be the quadratic ring class characters of K of conductor c corresponding to the factorization
c 2 · D K = d · d ,where d > 0
is the fundamental discriminant of real quadratic field k and d < 0 is the fundamental discriminant of imaginary quadratic field k . Let L = kk and y χ be the Heegner divisor in J(L). Let h and h be the class numbers of k and k respectively. Assume χ(n) = −1 and ord
, we can easily obtain the following lemma.
Lemma 2.4 Let D be a fundamental discriminant and h(D) the class number of the quadratic field Q( √ D). Then for any two positive integers m, N
satisfying ( * ),
and lim inf
3 Proof of Theorem 1.1
Let N = 37. Then m = 12 and n = p = 3. In this case X = X 0 (37) is the modular curve with genus 2. Decomposing J = J 0 (37) by means of the canonical involution w, we may consider the exact sequence
where of J is a quotient ofJ (See [6] , chap. II (10.4) and chap. II (17.10)). Thus we have the following proposition.
Proposition 3.3 Let k be a real quadratic field where the prime 37 is inert. If the class number h of k is prime to 3, then the projection of y
Proof: Let k be a real quadratic field of discriminant d where 37 is inert and whose class number h of k is prime to 3. Let k be the imaginary quadratic field Q( √ −2) of discriminant −8. Note that 37 is inert in k and the class number h of k is equal to 1. Let K be the third field contained in the biquadratic extension L = kk . Then K is imaginary and 37 splits in K. Let D K be the discriminant of K and χ be the quadratic ring class characters of K of conductor c corresponding to the factoring of c Remark. Similarly we can obtain the following.
Let E be the elliptic curve X 0 (19) in [11] . Then for at least 39% of the positive fundamental discriminants D and at least 23% of the negative fundamental discriminants D, Ord s=1 L(s, E D ) = 1.
